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ABSTRACT
This short article aims at demonstrate that the Intersection over Union (or Jaccard index) is not a
submodular function. This mistake has been made in [1] (Proposition 11) which is cited and used as
a foundation in [2]. The Intersection of Union is widely used in machine learning as a cost function
especially for imbalance data and semantic segmentation.
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1 Definition
We will start with the definitions of a submodular function and the Intersection over Union.
Definition 1 With m ∈ N let f : 2{1,...,m} → R. f is submodular if and only if for all (A,B) ∈ (2{1,...,m})2 with
A ⊆ B and for all x ∈ J1,mK \A.
f(A ∪ {x})− f(A) ≥ f(B ∪ {x})− f(B)
Definition 2 Let (A, Y ) ∈ (2{1,...,m})2 and let |A| be the function that return the number of element in A. While the
definition is symmetric, we underline the fact that Y is fix in this problem.
IoUY (A) =
|A∩Y |
|A∪Y |
2 The context around those research
To minimize directly the Intersection over Union we have to find a differentiable loss function that have the same
value as the IoU were the IoU is define. There is an infinite number of possible function so we are looking for
special characteristics such as convexity. The Lovàsz approximation of a submodular function is convex. The Lovàsz
approximation is also almost surely differentiable so it can be used as a loss function. Unfortunately, as demonstrated
in Section 3 the IoU is not submodular so its Lovàsz extension is not convex.
3 Proof of the non-submodularity of the IoU
We are going to demonstrate that the IoU is not submodular. Let (A,B, Y ) ∈ (2{1,...,m})3 withA ⊂ B and |A∩Y | =
|B ∩ Y | > 0. Let abn = |A ∩ Y | = |B ∩ Y |, ad = |A ∪ Y |, bd = |B ∪ Y |, we also notice that ad < bd. We want to
demonstrate that for all x ∈ 2{1,...,m} \ (Y ∪B) we have R = (IoUY (A ∩ {x})− IoUY (A))− (IoUY (B ∩ {x})−
IoUY (B)) < 0. Let x ∈ 2
{1,...,m} \ (Y ∪B)
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Figure 1: Graphical representation of the sets in the particular case abn = |A ∩ Y | = |B ∩ Y |
R = (IoUY (A ∪ {x})− IoUY (A)) − (IoUY (B ∪ {x})− IoUY (B)) (1)
=
|(A ∪ {x}) ∩ Y |
|(A ∪ {x}) ∪ Y |
−
|A ∩ Y |
|A ∪ Y |
−
(
|(B ∪ {x}) ∩ Y |
|(B ∪ {x}) ∪ Y |
−
|B ∩ Y |
|B ∪ Y |
)
(2)
=
|A ∩ Y |
|A ∪ {x} ∪ Y |
−
|A ∩ Y |
|A ∪ Y |
−
(
|B ∩ Y |
|B ∪ {x} ∪ Y |
−
|B ∩ Y |
|B ∪ Y |
)
(3)
=
abn
ad + 1
−
abn
ad
−
(
abn
bd + 1
−
abn
bd
)
(4)
= abn
(
ad − ad − 1
(ad + 1)ad
−
bd − bd − 1
(bd + 1)bd
)
(5)
= abn
(
1
(bd + 1)bd
−
1
(ad + 1)ad
)
(6)
(7)
And we have successively :
0 < ad < bd (8)
0 < (ad + 1)ad < (bd + 1)bd (9)
1
(bd + 1)bd
<
1
(ad + 1)ad
(10)
1
(bd + 1)bd
−
1
(ad + 1)ad
< 0 (11)
abn
(
1
(bd + 1)bd
−
1
(ad + 1)ad
)
< 0 (12)
Finally R < 0 with all the hypothesis on x,A,B, therefore the IoU is not submodular.
In a similar way we take x ∈ Y \B to proves that -IoU is not submodular either.
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R = (IoUY (A ∪ {x})− IoUY (A)) − (IoUY (B ∪ {x})− IoUY (B)) (13)
=
|(A ∪ {x}) ∩ Y |
|(A ∪ {x}) ∪ Y |
−
|A ∩ Y |
|A ∪ Y |
−
(
|(B ∪ {x}) ∩ Y |
|(B ∪ {x}) ∪ Y |
−
|B ∩ Y |
|B ∪ Y |
)
(14)
=
|(A ∪ {x}) ∩ Y |
|A ∪ Y |
−
|A ∩ Y |
|A ∪ Y |
−
(
|(B ∪ {x}) ∩ Y |
|B ∪ Y |
−
|B ∩ Y |
|B ∪ Y |
)
(15)
=
abn + 1
ad
−
abn
ad
−
(
abn + 1
bd
−
abn
bd
)
(16)
=
1
ad
−
1
bd
(17)
(18)
And we have successively :
0 < ad < bd (19)
1
ad
>
1
bd
(20)
1
ad
−
1
bd
> 0 (21)
Finally R > 0 if x ∈ Y , therefore -IoU is not submodular.
4 Explanation of the mistake
We will highlight the error in [1]. The notation in [1] is different from the notation in this article because the demon-
stration is different. The equation (44) explains that :
Property 1 Let (A,B, Y ) ∈ (2{1,...,m})3 with B ⊂ A and let nA = |Y \A| and nB = |Y \B|.
nB < nA
This property is false because if B ⊂ A then |B| < |A| and |Y \ A| < |Y \ B|. The demonstration uses this false
assertion to demonstrate that -IoU is submodular.
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